PRINCIPAL CHARACTERS OF THE GROUP SL(2,q)
We will use GK to denote the group SL(2, K) of all nonsingular 2 >: 2 matrices of determinant 1 with entries in a field K of fixed characteristic p > 0. Writing K(q) for the subfield of K of order q, for each power q = pyn = 1, 2, . ..). we identify G, with the subgroup GKcv) of 6,. All modules (representations) considered will be unitary left K[G]-modules (where G = GK or G,) taking the field to be algebraically closed.
It is an elementary and classical fact that for 0 < Y < p -1 the symmetric rth power of the natural 2-dimensional representation of G, has dimension r + 1 and is irreducible; we will denote it by 17r,g, and these exhaust all the irreducible modules of K [G,] .
hbw let r denote the vector (yO, r, ,..., r,-r) where the ri are nonnegative integers ranging between 0 and p -1. Then the q nonisomorphic irreducible qG,J modules are given by the tensor product where Vei *'i I( is the K[GJ-module obtained from bITi ~ corresponding to the automorphism 8" of K(q) given by Bi: t ++ t"' (t E K(q)j(see Brauer and Nesbitt [2] and Steinberg [ll] ). By a PIM of G, we shall mean a principal indecomposable module of K[G,] (i.e., an indecomposable direct summand of the left regular module KEG,]). It is well known that each PIM has a unique irreducible quotient, and that this sets up a one-to-one correspondence between the isomorphism classes of the PIM's and those of the irreducibles. Let U,,, be the PIM corresponding to 17r,K . From the table of principal characters (i.e., the characters of the principal indecomposable representations) for G, given by Bhama Srinivasan in [lo], we get the dimensions of the U,,, as follows: (We remark that the explicit construction of these Ur,K'~ owes much to the knowledge of their dimensions, and in fact to the principal characters themselves. Later, we are able to arrive at the desired results independently by a simple dimension counting argument pointed out by D.N. Verma.)
ADMISSIBLE Z-FORMS AND REPRESENTATIONS OF GK
Let 9 be the 3-dimensional simple Lie algebra over the complex field C with the standard basis e, f, h and with the multiplications given by [ef] = k,
[he] = 2e, [/zj] = -2f. The fact that the structure constants are all integers shows that the Z-module generated by e, f, h is closed to multiplication, and so is a B-form of 9 (see [ 1, p. A-31) .
Let % be the universal enveloping algebra of 9. Then ( [12] , Theorem 2 or [l], Section 1) the subring @z of % which is generated by the elements er fr yj-, J-(T E z+ = (0, 1, 2 ,... }) is a B-form of 9, i.e., @r is a subring of & which has an additive basis which is also a basis of @ as a @-space. Moreover if we identify 9 in the natural way as a subspace of 05, then pz _C %x .
Let (V, r) be a finitely generated (left) -F-module where m is the corresponding representation. Then (V, n)(or V, in short) can be regarded naturally as a %-module. An additive subgroup V, of V is called an admissible Z-form of V if the following two conditions are satisfied (1) V, has an additive basis {mi 1 i E I}(1 .
IS a suitable index set) which is also a basis of V as C-space, and (2) V, is stable under the action of az . We construct two linear automorphisms x(t), ~(t)(t E K) of V, by defining (2.2) Notice that the right hand expressions are well defined, by (2. l), and by the fact that er, fr both annihilate V, for sufficiently large T (see the references above). One may use the notation, which is suggested by these expressions, Z(t) = exp. t+e), y(t) = exp. tr(f).
Condition
The subgroup G,,, of GL( V,) which is generated by all the x(t), y(t)(t E K), is the Clzeualley group associated zuith V and K. There is a unique homomorphism from GK = SL(2, K) onto G,,, which takes x(t) t+%(t), y(t) H r(t) for all t E K, where Jr(t) = (:, f,? Y(t) = (; yj.
We use this homomorphism to define a K-linear action of G, on VK, hence to make VK into a K[G,]-module, forallvEVr, tEK. We can also describe the action on VX of the subgroup H, of GK , which consists of all diagonal matrices h(t) = (t fLk)(t E K"). Namely if h is a weight of 9 then h(t)(v @ lK) = @'"'(a @ lK), (2.4) for all z, E Vn,K = (VA n Vz) @ K where V,% is the weight space of V corresponding to h (see [12, p. 271 or [I, Section 3.21).
IRREDUCIBLE REPRESENTATIONS OF SL(2,K)
Let s E Zf, and let V, be an irreducible P-module of dimension s + 1, with highest vector m, and highest weight h(h) = s. 
It is easy to see, as we mentioned earlier, that the representation afforded by V,,, is equivalent to the sth symmetric power of the natural representation of GK . From now on we take K to be an algebraically closed field of characteristic p > 0, and write K(p) for the subfield of K of order 4, for each power q = p"(n = 1,2,...). We identify G, with the subgroup G,(,) of GK . In particular, the restrictions to G, of the K[GJ-modules
see Section 2. 
Write ~1%~ = vi @ zui , for all i, j E Z, with the convention (as in Section 3) thatvi=Oifi<Oori>r-landwj=Oifj<Oorj>p-l.Consider the @-space P, = P in VVr',-r @ T/6-, generated by the p + P -1 vectors E 5 , where E, = c yjj (0 < s <p + I' -2). iti=s
For convenience we shall write P instead of P,. throughout the rest of this section. (ii)
The additive subgroup Pz generated by E, ,..,? ED,,.-, is an admissible Z-form of P, and Pz is isomorphic as ~~z-module to VDir-s,Z . For the rest of this section, we assume 1 < r < p. Our next step is to construct a subspace R, in V,-, @ V,-, containing P, which is an P-module, and whose dimension is 2p. Again we drop the suffix Y in R, throughout this section. (ii) The additive subgroup Rz generated by the same vectors is an admissible U-form of R. Since eZ E Pz , and since Pz admits @r , (4.9) gives e . Zi = (p -r -i + 1) Z,-r mod Pz(i = 1,2 ,... ).
We have also just proved (4.11) Z 9-r+l = 0 mod Pz .
Hence RIP is an 2-module, generated by a nonzero element Z + P of weight p -r, such that (f"-r+l/(p -Y + l)!)(Z + P) = 0 + P and e(Z + P) = 0 + P. It follows that R/P is isomorphic to the irreducible 5?-module V,-, , and that the cosets Z,, + P,..., Z,+ + P form a basis of R/P. This proves (i).
To prove (ii), it is enough, in view of Lemma 4. 
PROJECTIVITY OF THE K[GJ-MODULE RK
At this stage, the author originally proved, by a rather lengthy process, that PK is the unique maximal K[G,]-submodule of RK. But the following elegant theorem, which is due to J.A. Green, avoids these calculations and helps us to land directly at the crucial Theorem 6.4 in the next section. We prove thi s b y means of two lemmas (both well known).
LEMMA 5.2. (see [5] or [6] These are independent over K, and this proves the theorem. We make an observation here for later use. If z is any nonzero element of K, write B, = ( y(tz)l t E K(p)}. Then by a trivial modification of the argument above, we find RK is free, regarded as a K[B,]-module.
PRINCIPAL INDECOMPOSABLE MODULES FOR K[G,I
From this point on, we do not need the complex Z-modules V, , P,. , R, any more, but just the K[G,]-modules which were constructed from them. So to simplify notation, we shall write henceforth and understand that these are the K[G,]-modules constructed above. Let 4 = p"(n > I), K(p) is the unique subfield of K of order q, and G, = GKtQ) . Then the modules V, , P, , R,< can be regarded as K[G,]-modules by restricting from G,-to its subgroup G, .
We have defined R, only for Y in the range 1 < Y < p. We now define RI to be the projective, irreducible K[GJ-module V,-, , of dimension p. Our next step is to construct certain other K[G,1-modules starting from the p basic modules R,(l < r < p) by using the "twisted tensor products".
Let Rrk stand for the K[G,]-module R,( I < r < p) that we have described above. The automorphism P of K given by 19~ : t M tpP(k = 0, 1, 2,...) gives rise to an automorphism of GK taking x(t) to x(P~) and y(t) to y(t"").
Thus given a K[G,]-module
Rrk we get another K[G,]-module denoted by R8,: , the action being given by and extending this to K[G,] by linearity. Likewise, let PFr be the submodule of RF: obtained from PTk by this "twisted action."
Now consider the tensor product for each r E W = {(ra , r, ,..., ~,,-r)1 TV EZ, 1 < rx < p, k = 0, l,..., n -l}. R, is clearly a K[G,]-module of dimension 2mp'", where m is the number of Pk # 1. LEMWA 6.1. R, is a projectizle K[G&nodule, for all r E 2.
Proof. By Lemma 5.2, it is enough to prove that R, is free, as a K[B]-module, where B is any given Sylow p-subgroup of G, . Take
B = i y(t)1 t E K(q)).
It is well known that K(q) has a "normal basis" over K(p), i.e., there exists = (p,p,...,p) .
Then R,, has a K[G,J-submodule Q of dimension q, which is projective. There exists a surjective K[G&nodule homomorphism 'y, from RJQ onto U, .
Proof.
For k = 0, l,..., n -1, let Ej') stand for the elements Ei in the K[GJ-module Rr (i.e., b . Eik) = g@l"E, , g E G,). Then the element Let Q denote the K[G,]-submodule generated by E*. We claim that dimQ = q.
In fact, write Q-l y(t) E" = c t""Em*(t 6 K(q), Em" E R,), tn=O which belongs to Q. Multiplying the above by t-mm, substituting for t the q -1 nonzero elements of K(q) and adding up, we get that E.nl * E Q for each m. It is easy to see that the E,* are all non-zero, distinct and linearly independent. Next we prove that the K(q)-space S spanned by the E,,* is actually a K[G,]-module, and since E,," = I?* E S, it follows that S = Q. Finally we prove that the module QZe , where B = {y(t)] t E K(q)} is a free K[B]-module.
In fact, QB = K [B] . E* = K[B]/OG as a K[B]-module, where GZ is the annihilator of E*. But since dim Q, = q = 1 B 1, it follows that GZ = 0, and hence ,QB is free.
The proof of the last statement is carried over verbatim as in Theorem 6.2, replacing R, , vi-, and U,-, by R,JQ, S',, , and U, , respectively. This can be verified directly by using the fact that for each i, 0 < i < p + r -2, and for eachj, 0 <i < p -r, the sets of integers involved in the expressions of Ei and Zi have g.c.d. 1 (see 4.3 and 4.6).
